In this paper, the boundary value problem of a second-order impulsive differential inclusion involving a relativistic operator is studied. First, the singular problem is reduced to an equivalent non-singular problem in order to better apply the variational methods. Then the existence of a periodic solution is obtained by nonsmooth critical point theory. Moreover, the boundedness and nonnegativity of solutions are obtained by restricting the discontinuous nonlinear term.
Introduction
By physical experiments, a change of the mass of an object occurs when the velocity of the object is comparable with the speed of light. So in the range of high speeds, the mass of an object is no longer a constant. In the special theory of relativity, Newton's second law F = can explain the problem of the "Bell slow contraction effect" better, where F is the force of an object in motion, m 0 is the mass of an object at rest, v is the velocity and c = 3.0×10 8 m/s is the velocity of light. For the theory and application of special relativity, we refer the reader to [1] [2] [3] [4] [5] [6] [7] . Based on the understanding of the relativistic dynamics fundamental equation, mathematicians put forward relativistic operators which have a close relationship with physics. In recent years, the research of relativistic operators has attracted widespread attention of mathematical scholars due to the physical significance and applicability. In 2010, Brezis and Mawhin [8] showed that the solution of the following problem: , |y| ≤ R, y √ 1-R 2 , |y| > R, (1.4) where R ∈ (0, 1). Furthermore, they proved the problem (1.3) has at least N + 1 geometrically distinct periodic solutions and the system with oscillating potential has infinitely many solutions.
In 2016, Mawhin [11] gave recent results on the multiplicity of T-periodic solutions of differential systems of the form
based on several techniques of critical point theory. Besides, [12] [13] [14] [15] studied the equations describing relativistic pendulum well. In 2016, Jebelean, Mawhin and Serban [16] studied the existence and multiplicity of periodic solutions for the differential inclusion
where ϕ is defined as (1.2). The problem (1.5) has at least one solution and infinitely many solutions by restricting different assumptions to nonlinear terms. It was observed that the above literature did not consider the impulsive effect. The impulsive effect [17] can describe the processes which undergo the sudden changes or discontinuous jumps in the real world. Thus impulsive effects caused great concern in many fields such as industrial robotics, population dynamics, control theory, physics and so on. Many mathematicians have conducted detailed and in-depth research on the impulsive differential equations [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . Besides, nonlinear boundary value problems [8, [31] [32] [33] [34] [35] [36] play an important role in solving mathematical physics problems.
However, to the best of our knowledge, there are few papers concerned with impulsive differential inclusion involving a relativistic operator. Motivated by [10-12, 16, 37-40] , we study the existence of solutions for the following problem:
where ϕ is defined as (
, λ is a positive parameter.
In order to treat the problem (1.6), we firstly consider the following non-singular problem:
where ψ is defined as (1.4). We shall apply the critical point theorem [38] to obtain the existence and the property of weak solution for (1.7). Under some assumptions, the solution of non-singular problem (1.7) is the solution of problem (1.6). Moreover, we will prove problem (1.6) has at least one nonnegative solution by variational approach. With the impulsive effects and differential inclusion taken into consideration, difficulties such as how to change the problem (1.7) into problem (1.6), how to deal with the non-differentiablity of the energy functional and how to prove the critical point of energy functional is classical solution of (1.7) have to be overcome. We obtained the existence of periodic solution by critical point theorem. Moreover, the nonnegativity and boundedness of the solutions are presented. This paper is organized as follows. In Sect. 2, we recall some definitions and lemmas which are critical to main results. In Sect. 3, the existence results of solutions are given.
In Sect. 4, we give conclusions about the differences between the research results and the reference [12] . In Sect. 5, an example is presented to verify Theorem 3.2. In the Appendix, the derivation of complex inequalities is given.
Preliminaries
In order to better understand the main contents of this article, we introduce some nonsmooth theory in this section.
Let the space
with the norm
Clearly, (X, · X ) is a reflexive real Banach space and its topological dual is (X * , · X * ).
I : X → R is locally Lipschitz if for each u ∈ X, there exist a neighborhood Ω of u and a real number k satisfying
For a locally Lipschitz functional I and a function u ∈ X, the generalized directional derivative at u along the direction v ∈ X is defined by
The generalized Clarke gradient of I at u is
where ·, · is the duality pairing between X and X * .
Definition 2.1 ([37])
The function u ∈ X is a critical point of locally Lipschitz functional
Lemma 2.1 ([39] ) Let ϕ ∈ C 1 (X) be a functional. Then ϕ is locally Lipschitz and
and let I F be defined by 
and ρ(r 1 , r 2 ) := sup
Next we consider the non-singular system (1.7). Let the functional I : X → R defined by
where Ψ :
In the next discussion, we let
where u * ∈ λ∂F(t, u).
Lemma 2.4 ([10])
The functional Ψ (y) satisfies the inequality
Main results

Proposition 3.1 If function u ∈ X is a critical point of I, u is a solution of problem (1.7).
Proof Assume that u is a critical point of I, then we have
Considering the subadditivity and positive homogeneity of the functionΨ • (u; ·) and applying the Hahn-Banach theorem, there exists a linear
Since F is Lipschitz, there exists a positive constant B with -λΨ
From the definition of the generalized directional derivative, we have
and
In the following we will prove the boundary conditions and impulsive conditions. By u h ∈ λ∂F(t, u(t)), we obtain 
By (3.7), we obtain
By the fact that -λΨ
holds. By (3.8) and (3.9) the inequality
holds. Let v n ∈ H T be defined by
By [37] , we obtain
when F is Lipschitz. Then we take v = v n in (3.10), letting n → ∞, by (3.11), (3.12), a straightforward computation shows that (ψ(
We take v = v n in (3.14), letting n → ∞, then v(t i ) = y.
e, e = e 1 , e 2 , . . . , e N , we obtain -ψ(u (t 1 )) = I 1 (u(t 1 )) when
To better illustrate the main results, we give the following assumptions: F(t, (0, 0, . . . ,
, where
, where 0 < b ≤ 1;
andz appear in the proof of Theorem 3.2;
, whered,c are given in the Appendix; 
Proof We will apply Lemma 2.3 and Ref. [37] to complete this section in four steps.
Step 1. We prove Φ(u),Ψ (u) are locally Lipschitz. Clearly, Φ(u) ∈ C 1 (X). From Lemma 2.1, Φ(u) is locally Lipschitz. By calculation we can
Step 2. We show that there exist r 1 , r 2 ∈ R, with r 1 < r 2 , such that β(r 1 , r 2 ) < ρ(r 1 , r 2 ).
Firstly, we prove ρ(r 1 , r 2 )
By u ∈ H T , we have u ∈ L 1 , i.e., for every t ∈ [0, T], there exists c 1 such that |u(t)| ≤ c 1 .
Apparently, we have 
By Lemma 2.4, we have
In order to apply Lemma 2.3, we take u 0 (t) ∈ X, where
, 2d 1 (t-T) 3-4T , 3 4 < t ≤ T.
Let u 0 (t) = (0, . . . , u 0i , 0, . . . , 0) T . Specially, u 0 (t) =û 0 = (0, 0, . . . ,
, . . . , 0) when 1 2 < t ≤ . A straightforward computation shows that r 2 > 0 when {0 < T < T 1 } ∪ {T > 3 4 }. By (A 3 ), (3.17) and (3.19) , we obtain 
By (3.20) , (3.21), we have ρ(r 1 , r 2 ) = sup
In the following, we will show β(r 1 , r 2 ) <
To better deal with β(r 1 , r 2 ), we give some notations. 
G(t, s) .
By (A 4 ), we obtain
where c 1 is a positive constant. So
F(t, s). (3.22)
According to the property of the supremum and infimum, we have
By (3.22) and (3.21), we obtain
From (3.20), we have
(3.23)
Considering (3.16) and the expression of r 2 , one has the right of inequality (3.23)
Thus we have
By (3.16) and (3.24), it is clear β(r 1 , r 2 ) < ρ(r 1 , r 2 ).
Step 3. We show that I = Φ -λΨ fulfills the
By the mean value theorem and the Hölder inequality, we have
To this end, let {u n } ⊆ X be a sequence such that (a 1 ) (Φ -λΨ )(u n ) is bounded; (a 2 ) there exists a sequence
for all v ∈ X; (a 3 ) Φ(u n ) < r 2 for all n ∈ N . By Lemma 2.4, (A 6 ) and (a 3 ), we have
Clearly, {u n } is a bounded sequence in X as γ < 1. We have the same conclusion as γ = 1, mD 2 < 1. Since X is a reflexive Banach space and we have the compact embedding
By calculating, we get
By the definition of ψ, the inequality ab ≤ a 2 +b 2 2 and (A 8 ), we obtain
One can see the Appendix for more details. Equation (3.26) on combining with (3.27) gives the following inequality:
Note thatΨ is well defined and locally Lipschitz on
Considering the upper limit and using (3.29) , the inequality (3.28) becomes Combining (3.25) , (3.31) with the convexity of X, we obtain u n → u in X (see [43] 
Clearly, 0 < Φ(u * ) < r 2 is established. So we have
By Lemma 2.4, (A 6 ), we can see 
[, then there exists ε ∈ ]0,ε[ and a positive constant c such that
By the integral mean value theorem and (3.32), (3.15) , (A 6 ) we obtain
∂F(t, u)
By (A 7 ), we have |u * (t)| ≤ R.
Step 4. We prove each solution of (1.7) is nonnegative. Assume that u is the solution of (1.7). Multiplying u -on both sides of differential inclusion and integrating from 0 to T, we have
We define u -= 0 when u i (t) > 0 and u m (t) < 0 for i, m ∈ {1, 2, . . . , N}. u -= -u when u i (t) < 0 for any i ∈ {1, 2, . . . , N}. u -= 0 when u i (t) > 0 for any i ∈ {1, 2, . . . , N}.
Hence the measure of {t : u i (t) < 0} is 0. The proof is completed.
Conclusion
We apply the nonsmooth critical theorem of Ref. [38] to a study of the boundary value problem due to the non-differentiability and non-smoothness of energy functionals. We construct a specific function v n to verify the boundary condition and the impulsive condition. The boundedness of solutions is obtained to convert singular and non-singular problems into each other. These contents are not covered in the literature [12] . Moreover, the proof that the critical point of the energy functional is the solution of the boundary value problem and the proof of the nonnegativity of the solution are obviously different from [12] . In particular, the restrictions of the nonlinear terms are completely different.
Besides, we obtain |u| < R, |u | < R by u ∈ Φ -1 (r 1 , r 2 ) and related inequalities. Reference [12] has similar results by defining the solution space and embedding maps. Take 
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